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Abstract. We prove the periodicities of the restricted T and Y-systems as- 
sociated with the quantum affine algebra of type Cr, F4, and G2 at any level. 
We also prove the dilogarithm identities for these Y-systems at any level. Our 
proof is based on the tropical Y-systems and the categorification of the cluster 
algebra associated with any skew-symmetric matrix by Plamondon. 



This is the continuation of the paper |IIKKN) . In |IIKKN] , we proved the pe- 
riodicities of the restricted T and Y-systems associated with the quantum afhne 
algebra of type Br at any leveL We also proved the dilogarithm identities for these 
Y-systems at any level. Our proof was based on the tropical Y-systems and the 
categorification of the cluster algebra associated with any skew-symmetric matrix 
by Plamondon [PT1[P2]. In this paper, using the same method, we prove the corre- 
sponding statements for type Cr, -F4, and G2, thereby completing all the nonsimply 
laced types. 

The results are basically parallel to type Br. Since the common method and the 
proofs of the statements for type Br were described in jllKKN] in detail, in this 
paper, we skip the proofs of most statements, and concentrate on presenting the 
results with emphasis on the special features of each case. Notably, the tropical 
Y-system at level 2, which is the core part in the entire method, is quite specific to 
each case. 

While we try to make the paper as self-contained as possible, we also try to 
minimize duplication with |IIKKN) . Therefore, we have to ask the reader's patience 
to refer to the companion paper |IIKKN| for the things which are omitted. In 
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particular, basic definitions for cluster algebras are summarized in |IIKKN| Section 
2.1]. 

The organization of the paper is as follows. In section 2 we present the main 
results as well as the T and Y-systems for each type. In Section 3 the results for 
type Cr are presented. The tropical Y-system at level 2 is the key and described in 
detail in Section 3.6. In Section 4 the results for type F4 are presented. In Section 
5 the results for type G2 are presented. In Section 6 we list the known mutation 
equivalences of quivers corresponding to the T and Y-systems. 



2. Main results 

2.1. Restricted T and Y-systems of types Cr, F4, and G2- Let Xr be the 

Dynkin diagram of type Cr, F4, or C2 with rank r, and / = {l....,r} be the 
enumeration of the vertices of Xr as below. 



Cr 



Fi 



G2 



r — 1 r 



Let h and be the Coxeter number and the dual Coxeter number of Xr, respec- 
tively. 







Cf 


F4 


G2 


(2.1) 


h 


2r 


12 


6 






r + 1 


9 


4 



We set numbers t and ta (a G /) by 
(2.2) t 

For a given integer i > 2, we introduce a set of triplets 



2 Xr 

3 Xr 



Cr, Fi 
G2, 



1 long root 

t Ua- short root. 



(2.3) 2i ~ Ig{Xr) '■— {(a, m, It) I a 6 /; m = 1, . . . , ta£ — 1; u G "^^l- 



Definition 2.1 ([KNS]). Fix an integer £ > 2. The level £ restricted T-system 
Ti{Xr) of type Xr (with the unit boundary condition) is the following system of 
relations for a family of variables Ti = {Tm\u) \ {a,m,u) S I^}, where Tm\u) = 
Tq°'\u) = 1, and furthermore, T^°'J(u) = 1 (the unit boundary condition) if they 
occur in the right hand sides in the relations: 

(Here and throughout the paper, 2m (resp. 2m + 1) in the left hand sides, for 
example, represents elements 2,4,... (resp. 1,3,... ).) 
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For Xr^Cr, 

(1 < a < r - 2), 

(2.4) +T(:-^)(«)7;M(u-i)7;W(.. + i), 

^lim+l ~ 2) -^2m+l + 5) ^ -^im ' ('")^2m+2 (") 

tM(« - i)r(:)(« + 1) = riliHTitiH + ri:r^)(u). 

For Xr^F4, 
(2.5) 

tW(u - 1)t2Hu + 1) - Ti^li(")Ti'|i(") + 

T(f)(u - l)ri2)(u + 1) = T(fli(u)T(f|i(u) + T,[}Hu)T^l{u), 

T^l (« - ^) ri^' + 5) = 7^i,li(^)ri^+i(") 

+ Ti2) {u-l)Ti'^ (,+ i)rW(u), 

^2m+l ~ 5) ^2m+l + 5) ~ ^2m ('")'^2m+2 (") + (")^m+l (")^2m+l ("") > 

For Xr = G2, 

T^Hu - l)T,[lHu + 1) = Tj^lMT^lM + ri^(u), 

+ r« (.-|)t«(u)tW (^ + 1), 

(2.6) (" - I) + I) = ri^(")7^i™^2(«) 



Definition 2.2 ( |KN] ) . Fix an integer £ > 2. The level £ restricted Y- system 
Yi{Xr) of type Xr is the following system of relations for a family of variables 
Ye = {Yi^\u) I {a,m,u) S IJ, where rjf^T/) = Fq^^Hm)-! = r/;;(^/)-i = if 
they occur in the right hand sides in the relations: 
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For Xr^Cr, 



(2.7) 



Yr 



(r-1) 



2m 



l^ v(r-i) 

2/ -'2m 



'2m+l 



(r-l) 
2m+l 



y«(u-i)y«(u + i) 



(i + yi,l(n)-i)(i + Fi,tW-^) 

(1 < a < r-2), 



(1 + Yt-'hu)-'){i + i^2r+YN-i) ■ 

(i + y2(;-^)(«)-i)(i + y,(:-4)(u)-i)' 

{l+Y^Uu)-^){l + Y^l,{u)-^) 



(r-l). 



For = F4, 



(2.8) 



yW(n-i)yW(« + i) 



yif)(t.-i)yif)(u + i) 



>^2t^(--^)>^2^mM- + ^) 



y 



(3) 



2m+l ~ 5) -^2™+! + 5) 



i + yi.''(u) 



(i+Yi%{u)-^){i+Y::>,{u)-^)' 

(1 + yi.^' («))(! + yi^li(u))(i + yi^Vi(u)) 



(1) 



x(i + y,^;l^(u-i))(i + y,^;i^(u + i)) 

{i + Yi'Uu)-^)ii + Yi%iu)-^) 
{i + Yi'\u)){i + Y^:;liu)) 



{l + Y^^_,{u)-^){l + Y,':i^,{u)-^) 



(3) 



l + >^2^mVlW 



{i+Y^:i{u)-^){i+Y,':i^,{u)-^) 

(i + yif2i(n)-i)(i + yifji(n)-i)' 
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For Xr=G2, 



(2.9) 



rW(^.-l)r«(^. + l) 




l + ll^(u) 



1 



(i + y3(^)(«)-i)(i + yi^V2N-^)' 




3 ) ^3m+2 (" + 3 ) 



1 



(i + y£ViH-')(i + nll3(")-^)' 




Define the transposition '^G{b, k,v; a,m,u) = G{a,m,u;b, k,v). Tlien, ()2.7p ~ (|2.9p 
are written as 



Definition 2.3. Let 7e{Xr) be the commutative ring over Z with identity ele- 
ment, with generators Tm^u)"^^ {{a,m,u) G le) and relations T^(Xr) together 
with T!n\u)T!n\u)-'^ = 1. Let T^°(Xr) be the subring of JeiXr) generated by 
Tm\u) {{a,m,u) G !<?). 

Definition 2.4. Let '^(.{Xr) be the semifield with generators Ym\u) {{a,m,u) S 
le and relations Ye{Xr)- Let y^(Xr) be the multiplicative subgroup of ^e{Xr) 
generated by Ym\u), 1 + Ym\u) {{a,m,u) G 2^). (Here we use the symbol + 
instead of © for simplicity.) 

The first main result of the paper is the periodicities of the T and Y-systems. 

Theorem 2.5 (Conjectured by [lIRNSp . The following relations hold in (X^). 

(i) Half periodicity: T^\u + + t) ^ T^fi-nM- 

(ii) Full periodicity: T^\u + 2(/i^ + £)) = T}n\u). 

Theorem 2.6 (Conjectured by jKNSj ). The following relations hold in ^^{Xr)- 

(i) Half periodicity: Y^\u + h'^ + £) = Y^f^_^{u). 

(ii) Full periodicity: Y}n\u + 2(h)' + t)) = Yja\u). 



Y\ (1 + Yj:^^ (•^-)-)'G(b,fc,t>;a,m,«) 



(2.11) Yi^)(u-l)Yi-)(u+l) 



{i+Y^\{ur^){i+Y:^Uu)-') 



2.2. Periodicities. 
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2.3. Dilogarithm identities. Let L{x) be the Rogers dilogarithm function 



(2.12) 



L{x) 



Mi^ + i^U, (0<a=<l). 

1. y 1-2/. 



We introduce the constant version of the Y-system. 

Definition 2.7. Fix an integer £ > 2. The level £ restricted constant Y-system 
Y1{Xr) of type is the following system of relations for a family of variables 
Yl = {Fir^ \ a€l;m=l,...,tj-l}, where Y^^ = Y^"^-^ = Y^j-^ = if they 
occur in the right hand sides in the relations: 
For Xr = Cr, 



(2.13) 



(r-l)x2 
2m+l I 



(i + yjf-^))(i + yif+^)) 

{l + Yj;:l,-^){l + Yi%-^) 
(1 + Fi;-^))(1 + Fir^) 



{1 + Ytz'Mi^ + Yt-^'l 



(l<a<r-2), 



1 + 1 



-{r-2) 
2'Hi+l 



i^+YL-'''-')i^+YL+t'y 
(1 + Yt--h{^ + Y^-'^ni + Y^^-^i) 



For Xr = Fi, 



(2.14) 



{Y^^^f 
{Y^^f 



Cy(3) ^2 

{Yi'^r 



l + Y, 



(2) 



ii+Yi'ii-')a+Yiii-'y 

(1 + y«)(i + ri^li)(i + ri^))2(i + r^^V,) 



(i + yif2i(«)-i)(i + r^i;i(«)-i) 
(i + yj.^))(i + r2t^) 



(2) 



(3) 



1 + Y^^^ 



{i+Y^'j-^){i+Y^^^,-^y 



l + Yr 



(3) 



(i + yw^-i)(i + yWi-^) 



PERIODICITIES OF T AND Y-SYSTEMS II: TYPES C^, F4, AND G2 



7 



For Xr^G2., 
(2.15) 



{l + Y^l,-^){l + Y^l-^) 



1 + Yi^ 



(1^ 




1 




(1^ 




1 


y(2) 
^ 3m+2 



Proposition 2.8. There exists a unique positive real solution ofY'i(Xr). 

Proof. The same proof of [IlKKNi Proposition 1.8] is applicable. □ 

The second main result of the paper is the dilogarithm identities conjectured by 
Kirillov [Kil Eq. (7)], properly corrected by Kuniba |Kul Eqs. (A. la), (A.lc)], 



Theorem 2.9 (Dilogarithm identities). Suppose that a family of positive real num- 
bers {Ym ^ I a € /; m = 1, . . . , ta£ — 1} satisfies Y'^{Xr). Then, we have the identity 



(2-16) ;^EE^ 



aG/ m— 1 



where Q is the simple Lie algebra of type X^. 

The right hand side of (|2.16p is equal to the number 

(2 17) ^(^^-^") 

In fact, we prove a functional generalization of Theorem 

Theorem 2.10 (Functional dilogarithm identities). Suppose that a family of pos- 
itive real numbers {Ym\u) \ {a,m,u) G li} satisfies Yi{Xr). Then, we have the 
identities 

(a,m,«)Glf + {u) / 

0<u<2(/i^+£) 

(2.18) 



(2-19) 4 E 

(a,m.u) 
0<u<2{h^^'+e) 



{a,m.u)£Xe \l + Ym\u) ^ 



4r(2rf 


-r- 1) 


Cr 


48 (4^ - 


3) 


Fi 


24(3^ - 


-2) 


G2 


4^(2r^ - 






8^(3^ + 


1) 




12^(2£- 


f 1) 


G2. 
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r-1 



Figure 1. The quiver Qe{Cr) for even i (upper) and for odd £ 
(lower), where we identify the rightmost column in the left quiver 
with the middle column in the right quiver. 

The two identities (12.18^ and (|2.19p are equivalent to each other, since the sum 
of the right hand sides is equal to 2t(/i^ + £){{J2a£i^a)£ — r), which is the total 
number of (a, m, u) G Ig in the region < m < 2(/i^ + £). 

It is clear that Theorem 12.91 follows form Theorem 12.101 

3. Type Cr 

The Cr case is quite parallel to the Br case. For the reader's convenience, we 
repeat most of the basic definitions and results in [IIKKN . Most propositions 
are proved in a parallel manner to the Br case, so that proofs are omitted. The 
properties of the tropical Y-system at level 2 (Proposition I3.10|) are crucial and 
specific to Cr- Since its derivation is a little more complicated than the Br case, 
the outline of the proof is provided. 

3.1. Parity decompositions of T and Y-systems. For a triplet (a, m, u) G X^, 

we set the 'parity conditions' P+ and by 

(3.1) P+ : r + a + m + 2u is odd if a 7^ r; 2u is even if a = r, 

(3.2) P_ : r + a + rn + 2u is even if a 7^ r; 2u is odd if a = r. 

We write, for example, (a, m, u) : P+ if {a,m,u) satisfies P+. We have Xg 
Ti+ U 2^_, where lie is the set of all (a, m, u) : P^. 
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Define T^(Cr)£ (e = ±) to be the subring of T^(Cr) generated by Tm [u) 
((a, m, u) e Tie)- Then, we have T°(a)+ - ^"(a)- by Ti"^(u) ^-> T^\u+^) and 

(3.3) T,°(a) ^ 7KGr)+ ®z 

For a triplet (a, m, m) G , we set another 'parity conditions' and P'_ by 

(3.4) P'^ : r + a + m + 2u is even ii a ^ r; 2u is even if a = r, 

(3.5) P'_ : r + a + m + 2u is odd if a 7^ r; 2u is odd if a = r. 

We have Ii — Ig^ U where 1^^ is the set of aU (a, m, u) : P^. We also have 

(3.6) (a, m,u):P'^ <;=4> (a, m, u ± J-) : P_(-. 

Define 'y^(Cr)e (e = ±) to be the subgroup of TeiCr) generated by Yi^\u), 
1 + Yi^\u) ((a,m,ii) e Then, we have y?(a)+ ^ y?(a)- by Yi^\u) ^ 

rir^w + i), 1 + (u) ^ 1 + ri^^ (^^ + i), and 

(3.7) y?(a) ^ x(Cr)+ X y?(a)-. 

3.2. Quiver Qi{Cr)- With type C,- and £ > 2 we associate the quiver Qi{Cr) by 
Figure [1] where the rightmost column in the left quiver and the middle column in 
the right quiver are identified. Also, we assign the empty or filled circle o/» and 
the sign +/— to each vertex. 

Let us choose the index set I of the vertices of Qe{Cr) so that i — G I 

represents the vertex at the z'th row (from the bottom) of the ith column (from the 
left) in the left quiver for z — l,...,r— 1, the one of the right column in the right 
quiver for i — r, and the one of the left column in the right quiver for i = r + I. 
Thus, i 1, . . . , r + 1, and i' = 1, . . . , £ - 1 if i =^ r, r + 1 and = 1, . . . , 2£ - 1 if 
i = r,r+l. We use a natural notation 1° (resp. T^) for the set of the vertices i with 
property o (resp. o and +), and so on. We have I = 1° U I* = U I!i U U II . 

We define composite mutations, 

(3.8) = n ^^-=11 ^+ = n '^i' = n 

iei° iei^ iei* ieiL 

Note that they do not depend on the order of the product. 

Let r be the involution acting on I by the left-right reflection of the right quiver. 
Let u} be the involution acting on I defined by, for even r, the up-down refiection of 
the left quiver and the 180° rotation of the right quiver; and for odd r, the up-down 
reflection of the left and right quivers. Let r{Qi{Cr)) and u}{Qi{Cr)) denote the 
quivers induced from QeiC'r) by r and lj, respectively. For example, if there is an 
arrow i — > j in Qi{Cr), then, there is an arrow r(i) — ^ r(j) in r{Qe{Cr)). For a 
quiver Q, denotes the opposite quiver. 

Lemma 3.1. Let Q = Qe{Cr)- 

(i) We have a periodic sequence of mutations of quivers 

(3.9) Q 'ti^ Q°P 4^ r{Q) r(Q)°P A Q. 

(ii) uj{Q) = Q if + 1 is even, and U3{Q) = ^iQ) if h'^ + 1 is odd. 
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c(0) 





1) 






* 
















* 










1) 



.r->(o) 



rr-)(0) 



* 



■''7 ^ 2 . 



.r^'(o) 



(r-l)/_l 
•''5 V 2 



I * I- 



T 

o 

'21 



4'''(-i) 



-I * I 



-I * I 



Figure 2. (Continues to Figure|31) Label of cluster variables Xi{u) 
by If 4- for Cr, ^ = 4. The variables framed by solid/dashed lines 
satisfy the condition p+/p_, respectively. The middle column in 
the right quiver (marked by o) is identified with the rightmost 
column in the left quiver. 

3.3. Cluster algebra and alternative labels. It is standard to identify a quiver 
Q with no loop and no 2-cycle and a skew-symmetric matrix B. We use the con- 
vention for the direction of arrows as 

(3.10) i — >j B,j=l. 

(In this paper we only encounter the situation where Bij = —1,0, 1.) Let Bg{Cr) 
be the corresponding skew-symmetric matrix to the quiver Qi{Cr)- In the rest of 
the section, we set the matrix B = (i?ij)ijgi — Bi{Cr) unless otherwise mentioned. 

Let vA(i?, a;, y) be the cluster algebra with coefficients in the universal semifield 
Qsf(2/), where {B,x,y) is the initial seed [FZ2] . See also |IIKKN| Section 2.1] 
for the conventions and notations on cluster algebras we employ. (Here we use the 
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{r-2) 



(1) 



4^-^'(i) 



.r^'(i) 



■^3 V2^ 



(1) 



T 

o 

'21 

o 



Figure 3. (Continues from Figure [5]). 



symbol + instead of © in Qsf (j/), since it is the ordinary addition of subtraction- free 
expressions of rational functions of y.) 

Definition 3.2. The coefficient group Q(B,y) associated with A{B,x,y) is the 
multiplicative subgroup of the semifield Qsf (y) generated by all the coefficients y( 
of A{B, X, y) together with 1 + y[. 

In view of Lemma 13.11 we set x{Q) = x, y(0) = y and define clusters x{u) — 
{xi{u))i^i (u G iZ) and coefficient tuples y{u) — {u e ^Z) by the se- 

quence of mutations 

^3^^^ ■■■^iB,xiO),ym {-B,xi^),y{^)) 

A (r(B),x(l),y(l)) t±^- (-r{B),xil),yil)) ^ 
where r{B) — B' is defined by By = _Bj.(i)r(j)- 
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For a pair (i, it) G I x ^Z, we set the parity condition p+ and p_ by 

r i e u l*^ u = r i e u I*^ u EE i 

(3.12) p+Jiell P-:<ier u = 0,l 

[iePui; u = l, [iGFUi; M = |, 

where = is modulo 2Z. We have 

(3.13) (i,M);p+ (i,ii+i):p-. 

Each (i, u) : p+ is a mutation point of p. lip in the forward direction of u, and 
each (i, u) : p_ is so in the backward direction of u. Notice that there are also 
some (i, u) which do not satisfy p+ nor p_, and are not mutation points of (j3.1ip : 
explicitly, they are (i,u) with i G T^, u = 1, | mod 2Z, or with i G 15^, u = 0, ^ 
mod 2Z. 

There is a correspondence between the parity condition p± here and P±, P'± in 
(IXTD and (IXD . 

Lemma 3.3. Below = means the equivalence modulo 2Z. 
(i) The map 



(3.14) 



g: Ie+ {(i,w):p+} 

((a, m),u) a ^ r 



{a,m,u—j-) i-> < ((r + 1, m), u) a = r; jn + u = 
((r, m), u) a — r;m + u= l 



is a bijection. 
(ii) The map 



(3.15) 



g' : ^ {(i,M) : p+ or p_} 

{((a, m),u) a^^r 
((r + 1, m), u) a = r; m + M = 
((r, m), u) a = r; m + u = 1 



is a bijection. 



We introduce alternative labels Xi{u) ~ x'm iu — l/ta) {{a,m,u — 1/ia) G 
r (i,M) = g{{a,m,u - l/ta)) and ?;i(u) = 
g'{{a,m,u)), respectively. See Figures[2H3l 



for (i,M) = g{{a,m,u - l/ta)) and yi{u) = ym\u) {{a,m,u) G 2^^) for (i,u) = 



3.4. T-system and cluster algebra. The result in this subsection is completely 
parallel to the Br case [IIKKN . 

Let A{B,x) be the cluster algebra with trivial coefficients, where {B,x) is the 
initial seed |FZ2) . Let 1 = {1} be the trivial semijield and tti : Qsf(y) 1, 
T/i H^- 1 be the projection. Let [a;i(u)]i denote the image of Xi{u) by the algebra 
homomorphism A{B,x,y) A{B,x) induced from tti. It is called the trivial 
evaluation. 

Recall that G{b, k, v; a, m, u) is defined in (|2.10p . 
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Lemma 3.4. The family {xm\u) \ {a,m,u) G 2i+} satisfies a system of relations 

^3 j^g-) 1 + J/m (u) (^i,^k,v)eXe+ 

I ^ (o) / N (a) / N 

1 + ym'{u) 

where {a,m,u) G particular, the family {[xm\u)]i \ (a,m,u) G 2^+} 

satisfies the T-system Ti(Cr) in A{B,x) by replacing Tm\u) with [xm^{u)]i. 

Definition 3.5. The T-subalgebra ATiB,x) of A{B,x,y) associated with the se- 
quence p. lip is the subalgebra of A{B,x) generated by [a;i(u)]i ((1,1*) G I x ^Z). 

Theorem 3.6. The ring T^(Cr)+ is isomorphic to At{B^x) by the correspondence 

T^r^\u) ^ [xt\u)]^. 

3.5. Y-system and cluster algebra. The result in this subsection is completely 
parallel to the Br case |IIKKN] . 

Lemma 3.7. The family {ym\u) \ {a,ni,u) G I^^} satisfies the Y-system Yi{Cr) 
by replacing Ym'' (u) with y^n {u) . 

Definition 3.8. The Y-subgroup OY{B,y) ofG{B,y) associated with the sequence 
p. lip is the subgroup of G{B, y) generated by ((i, u) G I x ^Z) and 1 + yi{u) 

((i,w) : p+ or p_). 

Theorem 3.9. The group 'y^(Cr)+ is isomorphic to Qy{B, y) by the correspondence 
y},^\u) ^ and 1 + Yi^\u) ^ 1 + yt\u). 

3.6. Tropical Y-system at level 2. The tropical semifield Trop(y) is an abelian 
multiplicative group freely generated by the elements j/i (i G I) with the addition 

© 

(3.17) n^^r^n^^i'-n^^r'"'"'''^- 

iei iei iei 

Let TTT : Qsf (y) Trop(2/), yi ^ yi be the projection. Let [yi(u)]T and [9y{B, y)]^ 
denote the images of yi{u) and Qy {B, y) by the multiplicative group homomorphism 
induced from ttt, respectively. They are called the tropical evaluations, and the 
resulting relations in the group [GY{B,y)]T is called the tropical Y-system. 

We say a (Laurent) monomial m — Yiiei Vi' positive (resp. negative) if m 7^ 1 
and fci > (resp. fcj < 0) for any i. 

The following properties of the tropical Y-system at level 2 will be the key in 
the entire method. 

Proposition 3.10. For [GY{B,y)]T with B = B2{Cr), the following facts hold. 

(i) Let u be in the region < m < 2. For any (i,w) : p+, the monomial [j/i(M)]T 
is positive. 

(a) Let u be in the region — /i^ < u < 0. 

(a) Let i — {i,2) {i < r — 1), {r,l), or {r + 1,1). For any (i, u) : p+, the 
monomial [yi{u)]T is negative. 

(b) Let i = (i, 1), (i, 3) (i < r — 1). For any (i, u) : p+, the monomial [yi{u)]'r 
is positive for u — —^hy, ^ \ '^i^d negative otherwise. 
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(Hi) yii'{2) = ViJ-i' ifi<r-l and y.J ifi = r,r + l. 

(iv) For even r, yiii{-h'^) = y^^} if i < r ~ I and y2r+i-i^i' if i ^ r,r + 1. For 
odd r, yii,{-K^) = y^^ . 

One can directly verify (i) and (iii) in the same way as the Br case |IIKKN[ 
Proposition 3.2]. In the rest of this subsection we give the outhne of the proof of 
(ii) and (iv) . Note that (ii) and (iv) can be proved independently for each variable 
(To be precise, we also need to assure that each monomial is not 1 in total. 
However, this can be easily followed up, so that we do not describe details here.) 
Below we separate the variables into two parts. Here is a brief summary of the 
results. 

(1) The D part. The powers of [?/i(M)]T in the variables yi^2 (* ^ ''' — 1) and 
yr,i, 2/r+i,i are described by the root system of type D^+i with a Coxeter-like 
transformation. It turns out that they are further described by (a subset of ) the 
root system of type A2r+i with the Coxeter transformation. 

(2) The A part. The powers of [?/i(u)]T in the variables yi^i and yi^^ [i < i — 1), are 
mainly described by the root system of type Ar-i with the Coxeter transformation. 

3.6.1. D part. Let us consider the D part first. Let -D^+i be the Dynkin diagram 
of type D with index set J = {l,...,r + l}. We assign the sign +/— to vertices of 
Dr+i (no sign for r and r + 1) as inherited from Q2{Cr). 



r: even 

O r + 1 




r 

r: odd 

+ - + - + - r + 1 

Let H = {ai, . . . , a^+i}, — H, be the set of the simple roots, the negative 
simple roots, the positive roots, respectively, of type D^+i. Following |FZ1| . we 
introduce the piecewise-linear analogue oi of the simple reflection s;, acting on the 
set of the almost positive roots <&>_! = $-|_ U (— H), by 

at{a) = Si(a), a £ <f>+, 
I —aj otherwise. 

Let 

(3.19) = n = n 

where J± is the set of the vertices of Dr+i with property ±. We define a as the 
composition 

(3.20) (T = (T_Cr+(Tr+lC_Cr+Crr- 

Lemma 3.11. The following facts hold. 
(I) Let r be even. 

(i) Fori<r-l, a''{-a^) G $+, (1 < A: < r/2), W2+i(-ai) = -a,. 

(ii) Fori<r-l, cr'=(a,) G (0 < fc < r/2), W2+i(ai) = ai. 
(ill) a''{-ar) e (1 < A: < r/2), cr'^/^+i (-a^) = -a^+i. 
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(iv) c7''{-ar+i) e (1 < fc < r/2 + 1), a''/2+2(-a.+i) = -a,.. 

('wj r/ie elements in m (i)-(iv) exhaust the set $+, thereby providing the 
orbit decomposition of by a. 
(II) Let r be odd. 

(i) Fori e J+, cr'^i-ai) G (1 < /c < r+1), a''+^{~ai) = -a^, cr(''+i)/2(_Q,.) ^ 

ai. 

(ii) Fori e J_, cr'=(-a,) G $+, (1 < fc < r+1), cr''+2(-ai) = -a,, CT('~+3)/2(-a,) = 

ai. 

(Hi) a''{-ar) e (1 < A: < (r + l)/2), cr('-+3)/2(_a^) = -a^. 

^z?;; cT'=(-a,+i) e (1 < fc < (r + l)/2), = -a,+i. 

(v) The elements in in (i)-(iv) exhaust the set $_|_, thereby providing the 
orbit decomposition o/ <f>+ by a. 

Proof. They are verified by explicitly calculating a^(—ai) and a^[oLi). The ex- 
amples for r = 10 (for even r) and 9 (for odd r) are given in Tables [T] and [21 
respectively, where we use the notations 

(3.21) 

[i, j] ^ ai^ h (1 < i < j < r), [i] = (1 < i < r), 

= (tti + • •■ + + (aj + •■ • + (1 < i < j < r + 1, i < r - 1), 

and {r+ 1} = Ofr+i- In fact, it is not difficult to read off the general rule from these 
examples. □ 

The orbits (t(— a^) and 17(0;,) are further described by (a subset of) the root 
system of type ^2r+i- Let H' = {a'j^, . . . , a2r+i} and be the sets of the simple 
roots and the positive roots of type yl2r+i, respectively, with standard index set 
J' = {l,...,2r + 1}. Define, J\ = {i <^ J' \ i - r is even}, J'_ = {i e J' \ 
i ~ r is odd}. We introduce the notations [i, j]' — a^ + ■ ■ ■ + a'j {I < i < j <2r + 1) 
and [i]' = a'^ as parallel to ([3^. Let O'^ = {(cr')''(-a-) | 1 < fc < r + 1} be the 
orbit of —a'^ in by a' = (tL(t'^, (j'± = Jliej^ where (j[ is the piecewise-linear 
analogue of the simple reflection s'^ as p.lSp . 

Lemma 3.12. Let 

r 

(3.22) p : ^ □ 

&e the map defined by 



i=l 



[^,J\ ^ 



[ijy j - r: odd 

[2r + 2 — J, 2r + 2 — i]' j — r: even, 



(3.23) \\i,2r + 2-j]' j-r:odd 

I [j, 2r + 2 — i]' j — r: even, 
{r + 1} [r,r + 1]', 

where [i] = Then, p is a bisection. Furthermore, under the bijection p, the 

action of a is translated into the one of the square of the Coxeter element s' = s'_s'_^_ 
of type ^2r+i acting on <i>^, where = Iligj' ^i- 









-1 


-2 -3 -4 -5 -6 -7 -8 -9 -10 


-11 




1 - 




ai 




[1] 


[2,3] 


[4,5] [6,7] [8,9] {11} [9,10] [7,8] [5,6] [3,4] [1,2] 








Otl 


2 + 


a2 




-012 




[1,3] 


[2,5] [4,7] [6,9] {8,11} {9,10} [7,10] [5,8] [3,6] [1,4] 


[2] 




-a2 




3 - 




"3 




[3] 


[1,5] 


[2,7] [4,9] {6,11} {8,9} {7,10} [5,10] [3,8] [1,6] [2,4] 




-as 




Q!3 


4 + 


ai 








[3,5] 


[1,7] [2,9] {4,11} {6,9} {7,8} {5,10} [3,10] [1,8] [2,6] 


[4] 




-ai 




5 - 




"5 




[5] 


[3,7] 


[1,9] {2,11} {4,9} {6,7} {5,8} {3,10} [1,10] [2,8] [4,6] 








"5 


6 + 










[5,7] 


[3,9] {1,11} {2,9} {4,7} {5,6} {3,8} {1,10} [2,10] [4,8] 


[6] 








7 - 




a-j 




[7] 


[5,9] 


{3,11} {1,9} {2,7} {4,5} {3,6} {1,8} {2,10} [4,10] [6,8] 




—aj 




Q!7 


8 + 


as 




-as 




[7,9] 


{5,11} {3,9} {1,7} {2,5} {3,4} {1,6} {2,8} {4,10} [6,10] 


[8] 




-as 




9 - 








[9] 


{7,11} {5,9} {3,7} {1,5} {2,3} {1,4} {2,6} {4,8} {6,10} [8,10] 






ag 




-an 




"10 




{9,11} 


{7,9} {5,7} {3,5} {1,3} {1,2} {2,4} {4,6} {6,8} {8,10} 


[10] 




ail 


-aio 



Table 1. The orbits a^{—ai) and a^iai) in $+ by a of (|3.20|) for r = 10. The orbits of — and ai (i < 8), for 
example, —ai — > [2, 3] ^ [6, 7] —!••■• —> — ai and ai [4, 5] ^ [8, 9] —>■•■—!> ai, are ahgned alternatively. The orbits 
of — aio and —an, namely, — aio — s- {7, 9} — ?> {3, 5} ^> • • • — ?> —an, and —an — ,> {9, 11} — >■ {5, 7} ^> • • • — ?• — aio, are 
aligned alternatively. The numbers — 1, — 2, • • • in the head line will be identified with the parameter u in (|3.24|) . 









-1 


-2 -3 -4 -5 -6 -7 -8 -9 


-10 




1 + 


ai 




-ai 




[1,2] 


[3,4] [5,6] [7,8] {10} [8,9] [6,7] [4,5] [2,3] 


[1] 




-ai 




2 - 




-Ct2 




[2] 




[1,4] [3,6] [5,8] {7,10} {8,9} [6,9] [4,7] [2,5] [1,3] 








"2 


3 + 


"3 




as 




[2,4] 


[1,6] [3,8] {5,10} {7,8} {6,9} [4,9] [2,7] [1,5] 


[3] 








4 - 








[4] 




[2,6] [1,8] {3,10} {5,8} {6,7} {4,9} [2,9] [1,7] [3,5] 




— a4 




a4 


5 + 


"5 








[4,6; 


[2,8] {1,10} {3,8} {5,6} {4,7} {2,9} [1,9] [3,7] 


[5] 








6 - 








[6] 




[4,8] {2,10} {1,8} {3,6} {4,5} {2,7} {1,9} [3,9] [5,7] 








"6 


7 + 


aj 








[6,8] 


{4,10} {2,8} {1,6} {3,4} {2,5} {1,7} {3,9} [5,9] 


[7] 








8 - 




-as 




[8] 




{6,10} {4,8} {2,6} {1,4} {2,3} {1,5} {3,7} {5,9} [7,9] 




-as 




"8 




-"10 








{8,10} {6,8} {4,6} {2,4} {1,2} {1,3} {3,5} {5,7} {7,9} 


[9] 




"10 


-Qfg 



Table 2. The orbit of a''{-ai) in $+ by a of (|3.20p for r = 9. The orbit of (i < 8), for example, -ai 
[3, 4] — > [7, 8] — ^ ■ • • — > ai — > [1, 2] ^ [5, 6] ^ • ■ • — s> — ai, is aUgned in a cychc and alternative way. The orbits of — ag 
and — aio, namely, —ag — > {6,8} — s> {2,4} • • • — > — ag, and — aio — >■ {8, 10} {4, 6} • • • ^> — aio, are aligned 
alternatively. The numbers — 1, — 2, • • • in the head line will be identified with the parameter u in (|3.24p . 
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a 




i 


eJ+ 


, u 


= 0, 








e J+ 


, u 


= -1, 


< 


(2«-i)/4(_a^) 


i 


e J- 


■ u 


— 3 

— 2 ' 


cr 


(2«+i)/4(a,) 


i 


e J- 


, u 


_ 1 
— 2 ' 






i 


= r, 


u = 


0, 


cr" 

V 




i 


= r ^ 


-1, 


u = — 



For -hy < u < 0, define 



(3.24) a^{u) 



where = is modulo 2Z. Note that they correspond to the positive roots in Tables 
[1] and [5] with u being the parameter in the head lines. By Lemma |3.1 II thev are all 
the positive roots of Dr+i- 

Lemma 3.13. The family in (|3.24p satisfies the recurrence relations 

ai{u - 5) + ai{u +\) = ai-i(u) + (I <i <r - 2), 

1. , . l^ \ ar-2{u) + ar{u) {u: even) 

(3.25) ^ ^' ^ ^' \ar-2{u) + ar+i{u) (u: odd), 

ar{u — 1) + ar{u + 1) = ar-i{u — \) + ar-i{u + i) {u: odd), 
ar+i(M — 1) + ar+i(u + 1) = ar-i{u — 5) + a,--i(M + \) {u: even), 
where olq{u) — 0. 

Proof. These relations are easily verified by the explicit expressions of ai{u). See 
Tables [1] and [21 The first two relations are also obtained from Lemma 13.121 and 
[FZ2l Eq. (10.9)]. □ 

Let us return to prove (ii) of Proposition l3.10l for the D part. For a monomial m 
in y ~ (yi)iei, let no{rn) denote the specialization with y^^i = y^^s = 1 {i < r — I). 
For simpHcity, we set yi2 ^ yi (i < r - 1), y^i = Vr, Vr+i,! = J/r+i, and also, 
2/i2(u) = Uiiu) (i <r~ 1), yri(u) = 2/r(w), yr+i.i(u) = 2;r(u)- Wc define the vectors 
U{u) = {t,{u)k)ltl by 



r+l 



(3.26) ^DiMu)]T)^Y[y,: 

k=l 

We also identify each vector ti{u) with a — X]fe=i tiiu)kCik G 2^n. 
Proposition 3.14. Lef — /i^ < u < 0. Then, we have 

(3.27) U{u) ^ ~ai{u) 
for {i,u) in p.24p . and 

(3.28) 7rD([?;ii(u)]T) = 7rD([2/i3(M)]T) = 1 (i < r - 1, r + i + 2u: even). 
Note that these formulas determine TrD{[yi{u)]T) for any (i,u) : p+. 

Proof. We can verify the claim for — 2<u<— ^by direct computation. Then, 
by induction on u in the backward direction, one can establish the claim, together 
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with the recurrence relations among ti(u)'s with {i,u) in ()3.24p . 

Uiu - 5) + U{u + i) ti_i(M) + U+i{u) (1 < i < r - 2), 

1 / , n /tr-2(M) +tr(u) (u:even) 

(3.29) ^ 2^ ^ \tr-2{u)+tr+i(u) {u: odd) , 

t,.(u - 1) + t,.(ii + 1) = tr-i(u - i) +tr_i(M+ i) {u: odd), 

tr+l(u — 1) + tr+l(w + 1) = tr-l(u " 5) + tr-l(u + ^) (m: CVen). 

Note that ((3?29| coincides with ([3^ under ((3?27l) . To derive (13^29)) . one uses the 
mutations as in |IIKKN1 Figure 6] (or the tropical version of the Y-system Y2(Cr) 
directly) and the positivity /negativity of 7r£)([i/i(u)]T) resulting from p. 271) and 
p.28p by induction hypothesis. □ 

Now (ii) and (iv) in Proposition l3.10l for the D part follow from Proposition l3.14l 

3.6.2. A part. The A part can be studied in a similar way to the D part. Thus, we 
present only the result. 

First we note that the quiver Q2(Cr) is symmetric under the exchange y^^i ■H- y^^a 
(i < r — 1). Thus, one can concentrate on the powers of [j/i(M)]T in the variables 
yi,i {i<r- 1). 

Let Ar-i be the Dynkin diagram of type A with index set J={l,...,r — 1}. 
We assign the sign +/— to vertices (except for r) of ^^-i as inherited from Q2[Cr)- 

1 2 r - 2 r - 1 

O O O O O O O r: even 

+ - + - + 

1 2 r - 2 r - 1 

O O O O O O r: odd 

- + + - + 

Let n = {ai, . . . ,ar-i], —11, $+ be the set of the simple roots, the negative 
simple roots, the positive roots, respectively, of type A^-i- Again, we introduce the 
piecewise-linear analogue ai of the simple reflection s^, acting on $>_i = $+U(— 11) 
as (|3T8t . Let 

(3.30) ^^+=11 '^^ ^ n 

where J± is the set of the vertices of A^-i with property ±. We define a as the 
composition 

(3.31) cr = (T_cr+. 

For a monomial m in y = (j/i)iei, let 7r/i(TO) denote the specialization with 
yi,2 = yi,3 = 1 (i < r - 1) and y^i = yr+i,i = 1- We set = (i < r - 1). 
We define the vectors ti(u) = {ti{u)k)l.Zi by 

r-l 

(3.32) 7r^([yi(«)]T)-ny^'^"^'=- 

k=l 

We also identify each vector ti(M) with a = J2'k=\ ti{u)kO:k G ZH. 

With these notations, the result for the A part is summarized as follows. 
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Proposition 3.15. Let —h^ < u < 0. For (i,it) : p+, ti(u) is given by, for 
i < r — I, 



Uiiu) = 



-a '"(-aj) i e J+ 

-(7-(2«-i)/2(_a^) jeJ_ 



(3-33) {-\2r + 2-i + 2u,r -I] ~^h'^<u<0 



-l-i-2u,r-l] -h^<u<-\h>', 



ta{u) = 0, 



and 



(3.34) 




2 + 2u,r-l] -i/i^<u<0 



- r - 2w,r - 1] -h"^ <u<-\h^, 

-[r + 2 + 2u,r -I] -\K^<u<Q 
-[-l-r -2u,r -I] -K^ <u<-\h^, 

where [i, j] — ai + ■ ■ ■ + Uj if i < j and if i > j . 

Note that tii{—^) = a^-i {i £ J- for even r and i £ J+ for odd r) and 

tii(— -^^ ^) = OLr-i {i £ J+ for even r and i € J- for odd r), and that they are 

the only positive monomials in p.33p and p. 341) . Now (ii) and (iv) in Proposition 
13.101 for the A part follow from Proposition 13. 151 
This completes the proof of Proposition l3.10l 

3.7. Tropical Y-systems at higher levels. By the same method for the Br 
case [IIKKNi Proposition 4.1], one can establish the 'factorization property' of 
the tropical Y-system at higher levels. As a result, we obtain a generalization of 
Proposition 13.101 

Proposition 3.16. For [GY{B,y)]T with B = Bp{Cr), the following facts hold. 

(i) Let u be in the region < u < £. For any (i,u) : p+, the monomial [j/i(u)]T 
is positive. 

(ii) Let u he in the region —h'^ < u < 0. 

(a) Let i e 1° or i = {i,i') (i < r - l,i' e 2N). For any (i,w) : p+, the 
monomial [?/i(u)]T is negative. 

(b) Let \ — {i^i') {i < r—l^i' ^ 2N). For any (i, u) : p+, the monomial [yi{u)]T 
is positive for u = — ^/i^, — ^/i^ — \ and negative otherwise. 

(Hi) yii'{i) = yi'jg_,, ifi<r~l and y,^/_j, ifi^r,r + l. 

(iv) For even r, ywi-h"^) = y^^} if i < r - I and y2r+i-i,i' if i ^ r,r + 1. For 
odd r, ywi-h"^) = y^.}. 

We obtain two important corollaries of Propositions 13.101 and 13.161 

Theorem 3.17. For [5y(-B,2/)]t the following relations hold. 

(i) Half periodicity: [yi{u + h'^ + £)]t = [yc^(i)(u)]T- 

(ii) Full periodicity: [yi{u + 2{h^ + €))]t = [yi(u)]T. 

Theorem 3.18. For \QY{B,y)]T:, let N+ and N- denote the total numbers of the 
positive and negative monomials, respectively, among [yi{u)]T for (i,w) : p+ in the 
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Figure 4. The quiver Qi{F4) for even i (upper) and for odd I 
(lower), where we identify the right column in the left quiver with 
the middle column in the right quiver. 



region < u < 2{hy + 1). Then, we have 

(3.35) N+^2i{2ri-l-l)., 7V_ = 2r(2fr - r - 1). 

We observe the symmetry (the level-rank duality) for the numbers and A'^- 
under the exchange of r and 

3.8. Periodicities and dilogarithm identities. Applying |IIKKN1 Theorem 5.1] 
to Theorem 13. 171 we obtain the periodicities: 

Theorem 3.19. ForA{B,x,y), the following relations hold, 
(i) Half periodicity: x-i{u + + t) = x^(i){u). 
(a) Full periodicity: Xi{u + 2(/i^ + £)) ~ x\(u). 

Theorem 3.20. ForQ{B,y), the following relations hold, 
(i) Half periodicity: yi{u + /i^ + £) = yuj{i){u). 
(a) Full periodicity: yi{u + 2(/i^ + I)) = yi{u). 

Then, Theorems [23] and [21] for Cr follow from Theorems [311 [311 and 
13.201 Furthermore, Theorem 12.101 for Cr is obtained from the above periodicities 
and Theorem 13. 181 as in the Br case |IIKKN[ Section 6]. 

4. Type F4 

The F4 case is quite parallel to the Br and Cr case. We do not repeat the 
same definitions unless otherwise mentioned. Again, the properties of the tropical 
Y-system at level 2 (Proposition 14. 7p are crucial and specific to F4. 
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4.1. Parity decompositions of T and Y-systems. For a triplet (a, m, u) G Xi, 

we reset the 'parity conditions' P+ and P_ by 

(4.1) P_|_ : 2u is even if a = 1, 2; a + m + 2m is odd if a = 3, 4, 

(4.2) P_ : 2u is odd if a = 1, 2; a + m + 2u is even if a = 3, 4. 

Then, we have T°(i^4)+ ^ 7°{Fi)^ by Tin\u) ^ T^\u + i) and 

(4.3) V (F,) ~ 7°, {F,)+ ®z V (F4)_ . 

For a triplet (a, m, u) ^ Ii , we reset the parity condition P^ and P'_ by 

(4.4) P^ : 2u is even if a = 1, 2; a + m + 2u is even if a = 3, 4, 

(4.5) P'_ : 2u is odd if a = 1, 2; a + m + 2u is odd if a = 3, 4. 
We have 

(4.6) (a,m,ii):P^ (a, m, u ± J-) : P+. 

Also, we have ^^(^4)+ ~ y|(i^4)- by Y^\u) ^ Yln\u + i), 1 + Yln\u) ^ 
1 + Yi^\u+^), and 

(4.7) XiFi)c^TAFi)+xTAF,)- 

4.2. Quiver Qii^F^). With type F4 and ^ > 2 we associate the quiver Qi{F4) by 
Figure IH where the right column in the left quiver and the middle column in the 
right quiver are identified. Also, we assign the empty or filled circle o/» and the 
sign +/— to each vertex. 

Let us choose the index set I of the vertices of Qe{F4) so that i = G I 

represents the vertex at the z'th row (from the bottom) of the zth column (from 
the left) in the right quiver for i — 1, 2, 3, the one of the i — 1th column in the right 
quiver for i = 5, 6, and the one of the left column in the left quiver for i = 4. Thus, 
i = 1, . . . , 6, and = 1, . . . , ^ - 1 if i = 1, 2, 5, 6 and i' = 1, . . . , 2£ - 1 if i = 3, 4. 

Let r be the involution acting on I by the left-right reflection of the right quiver. 
Let u} be the involution acting on I by the up-down reflection of the left quiver and 
the 180° rotation of the right quiver. 

Lemma 4.1. Let Q = Qi{F4). 

(i) We have the same periodic sequence of mutations of quivers as p.9p . 
(a) oj{Q) — Q if h"^ + £ is even, and U3{Q) — r{Q) if h"^ + £ is odd. 

4.3. Cluster algebra and alternative labels. Let Bi{F4) be the corresponding 
skew-symmetric matrix to the quiver Qi{F4). In the rest of the section, we set the 
matrix B = (i3ij)i,jei = Bg^Fi) unless otherwise mentioned. 

Let A{B,x,y) be the cluster algebra with coefficients in the universal semifield 
Qsf(y), and the coefficient group Q{B,y) associated with A{B,x,y). 

In view of Lemma 14.11 we set x{0) = x, y(0) = y and define clusters x(u) = 
(a;i(u))igi {u G ^Z) and coefficient tuples y{u) — (yi(u))igi {u G |Z) by the se- 
quence of mutations (|3.1ip . 

For a pair (i, u) G I x iZ, we set the same parity condition p+ and p_ as p.l2p . 
We have (|3.13p . and each (1,^) : p+ is a mutation point of p. lip in the forward 
direction of u, and each (i, u) : p_ is so in the backward direction of u as before. 
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(0) 
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(-1) 
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X 

o 

X 



X 

o 



4^'(-i) 



-1) 



Figure 5. (Continues to FigurelH) Label of cluster variables Xi(u) 
by for ^4, £ — 4. The middle column in the right quiver 
(marked by o) is identified with the right column in the left quiver. 



Lemma 4.2. Below — means the equivalence modulo 2Z. 
(i) The map 



9 ■ Ii+ 



(4.8) 



(a, ni,u — J-) ^ 



is a bijection. 
(ii) The map 



9' 



I' 



(4.9) 



{(i,u) : p+} 

((a, m), u) a 1, 2; a + rn + It = 

((7 — a, m), u) a = 1, 2; a + rn + u = 1 

((a, m), u) a = 3, 4 



^ {(i,M):p+} 

{((a, m), u) a = 1, 2; a + m + u = 

((7 — a,m),M) a = 1, 2; a + m + u = 1 

((a, rn), m) a = 3, 4 
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X 

o 

X 



X 

o 

X 



X 

o 



xf)(0) 



Figure 6. (Continues from Figure [5]). 



is a bijection. 

We introduce alternative labels Xi{u) = Xm\u — ^/ta) {{a,m,u — 1/ta) G 
for = g{{a,m,u - 1/ia)) and yi{u) = ym\u) {{a,m,u) G 2^^) for (i, u) = 

g'{{a,m,u)), respectively. See Figures [SHSl 

4.4. T-system and cluster algebra. The result in this subsection is completely 
parallel to the Br and Cr cases. 

Lemma 4.3. The family {xm\u) \ (a, m, u) G 2^+} satisfies the system of relations 
p.l6p wif/i G{b,k,v;a,m,u) for Ti{F4). In particular, the family {[xm\u)]i \ 
{a,m,u) G satisfies the T-system Ti^F^) in A{B,x) by replacing Tm\u) with 

The T-subalgebra At{B,x) is defined as Definition 13.51 
Theorem 4.4. The ring T^{F^)^ is isomorphic to At{B,x) by the correspondence 

T^r^\u)^[xt\u)]^. 
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4.5. Y-system and cluster algebra. The result in this subsection is completely 
parallel to the Br and Cr cases. 

Lemma 4.5. The family {ym\u) \ {a,m,u) G I'l^} satisfies the Y-system Y£{F4) 
by replacing Ym \u) with ym\u). 

The Y-subgroup QyiB^y) is defined as Definition 13.81 

Theorem 4.6. The group y^(-F4)+ is isomorphic to Qy{B, y) by the correspondence 
Y^\u) ^ yi^\u) and 1 + Yi^\u) ^ 1 + yi^\u). 

4.6. Tropical Y-system at level 2. By direct computations, the following prop- 
erties are verified. 

Proposition 4.7. For [GY{B,y)]T with B ~ B2{F4), the following facts hold. 

(i) Let u be in the region < m < 2. For any (i,w) ; p+, the monomial [?/i(u)]T 
is positive. 

(ii) Let u be in the region —h^ < u < 0. 

(a) Let i = (1,1), (2,1), (5,1), (6,1), (3, 2), or (4,2). For any (i, u) : p+, the 
monomial [yi(u)]T is negative. 

(b) Let 1 = (3, 1), (3, 3), (4, 1), or (4,3). For any (i, u) : p+, the monomial 
[yi(u)]T is negative for u = -i, -1, -|, -3, -5, -4, -6, -8, 

— 9 and positive for u = —2, — |, — |, —5, —7, 

(Hi) yii'{2) = yr.} if i = 1,2,5,6 and y'l^^, if i = 3,4. 
(iv) yu'i-h'^) = y^li i, ifi = 1,2,5,6 and y~^} if i = 3,4. 

Also we have a description of the 'core part' of [2/i(u)]T in the region — /i^ < u < 
0, corresponding to the D part for Cr, in terms of the root system of Eq. We use 
the following index of the Dynkin diagram Eq . 



O 4 



o o o o o 

1 2 3 5 6 



Let n — {ai, . . . ,ae}, — H, be the set of the simple roots, the negative simple 
roots, the positive roots, respectively, of type Eq. Let at be the piecewise-linear 
analogue of the simple reflection Si, acting on the set of the almost positive roots 
$>_i = U (-n). We write J2i ^i^^i & ^+ as [l"i, 2"*^ . . . , 6"8]; furthermore, 
[l°,2\3\4i,5°,6°], for example, is abbreviated as [2,3,4]. 
We define a as the composition 



(4.10) 



a — (T3(CT4a2(T6)cr3(0'40'l0'5)- 
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Lemma 4.8. We have the orbits by a 
(4.11) 

-ai ^ [1,2,3] ^ [2,3,4,5,6] ^ [1,2,3^,4,5] [5,6] ^ -ag, 
-as ^ [2,3] ^> [1,22,32,4,5,6] -> [l,2^3^4^5^6] 

[1,2,32,4,52,6] ^ [5] ^ -as, 
-ag ^ [2,3,4] ^ [1,2,32,4,5,6] ^ [2,32,4,52,6] [1,2,3,5] ^ -ag, 

as ^ [2,3,5,6] ^ [1,22,32,4,5] ^ [1,2,3,4,5,6] ^ [3,4,5] ^ ag, 
-a4 ^ [2] ^ [1,2,3,4] ^ [3,4,5,6] [3,5] ^ -04, 

a4 ^ [3,4] ^ [3,5,6] ^ [2,3,5] [1,2] ^ a4, 

-as ^ [2,32,4,5,6] ^ [1,22,33,4,52,6] ^ [1,22,32,4,52,6] 

[1,2,3,4,5] -as, 

-ag ^ [6] ^ [2,32,4,5] ^ [1,2,3,5,6] ^ [2,3,4,5] ^ [1] ^ -ai. 

/n particular, these elements in exhaust the set thereby providing the orbit 
decomposition of fty a. 



For -/i^ < w < 0, define 



(4.12) 



ai{u) 



fa-"/2(-a0 

^-(«-i)/2(_«,^) 

a-("-i)/2(a4) 
a-(2«-i)/4(„a3) 

i)/4(a3) 



-(2mH 



= 1,4,5; u = 0, 
= 2,6; M = -1, 
= 4; u = -1, 
— 3; w = — §, 



3; u 



where = is mod 2Z. By Lemma [4.81 thev are (all the) positive roots of Eq. 

For a monomial to in y = (yi)igi, let TTAijn) denote the specialization with 
ysi = 2/33 = 2/41 = Vis = 1- For simplicity, we set yn = {i = 1,2,5,6), yi2 = yi 
{i = 3,4), and also, yii{u) = yi{u) {i = 1,2,5,6), yi2{u) = yi{u) {i ^ 3,4). We 
define the vectors ti{u) — {ti{u)k)^^i by 

(4.13) ^A([2/.(u)]T) = ^2/I'^"^^ 

fc=i 

We also identify each vector ti{u) with a = J2^k=i ^i('^)fc'^fc G ^11- 
Proposition 4.9. Let —hy < u < 0. T/ien, we have 

(4.14) t,(M) -a,{u) 
for {i,u) in dHH]). 

4.7. Tropical Y-systems at higher levels. Due to the factorization property, 
we obtain the following. 

Proposition 4.10. Let £ > 2 be an integer. For [QY{B,y)]T with B ~ Bi{F4), the 
following facts hold. 

(i) Let u be in the region < u < £. For any (i,u) : p+, the monomial [yi{u)]T 
is positive. 

(ii) Let u be in the region — /i^ < u < 0. 
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(a) Let i e 1° or i ~ (3, i'), (4, i') {i' e 2N). For any (i, u) : p+, i/ie monomial 
[yi{u)]T is negative. 

(b) Let i = (3, i'), (4, i') (i' ^ 2N). For ony (i,w) : p+, the monomial [?/i(u)]T 
is negative for u = — i, —1, — |, —3, — |, —4, — —6, — —8, — —9 aric? 
positive for u = —2, — |, — |, ~5, —7, — ^• 

("mj y^i- {£) = y~J_i, = 2, 5, 6 and y~'2i_i, if i = 3, 4. 
(iv) yw {-h}') = Vrli^^, if i^ 1,2,5,6 and y:^.} ifi^i, 4. 

We obtain corollaries of Propositions 14.71 and 14.101 

Theorem 4.11. For [QY{B,y)]T the following relations hold, 
(i) Half periodicity: [yi{u + h'^ +^)]t = (u)]t- 
(a) Full periodicity: [yi{u + 2(/i^ + 1))]t = [yi(u)]T- 

Theorem 4.12. For [QY{B,y)]T, let and denote the total numbers of the 
positive and negative monomials, respectively, among [?;i(u)]T for : p+ in the 
region < u < 2{h^ + £). Then, we have 

(4.15) iV+ = 4£(3^+ 1), iV_ 24(4^- 3). 

4.8. Periodicities and dilogarithm identities. Applying |IIKKN1 Theorem 5.1] 
to Theorem 14. Ill we obtain the periodicities: 

Theorem 4.13. For A{B,x,y), the following relations hold. 

(i) Half periodicity: Xi{u + h"^ + £) = Xi^(^i){u). 

(ii) Full periodicity: Xi{u + 2(/i^ + £)) = Xi{u). 

Theorem 4.14. ForQ{B,y), the following relations hold. 

(i) Half periodicity: yi{u + h"^ + £) = yi^(i){u). 

(ii) Full periodicity: yi{u + 2(/i^ + £)) = yi{u). 

Then, Theorems [23] and [H] for F^ follow from Theorems HH gH l4l^ and 
14.141 Furthermore, Theorem 12.101 for F4 is obtained from the above periodicities 
and Theorem 14. 121 as in the Br case jIIKKN[ Section 6]. 

5. Type G2 

The G2 case is mostly parallel to the former cases, but slightly different because 
the number t in (|2.2p is three. Again, the properties of the tropical Y-system at 
level 2 (Proposition [531) are crucial and specific to G2. 

5.1. Parity decompositions of T and Y-systems. For a triplet {a,m,u) G Xi, 
we reset the parity conditions P_|_ and P_ by 

(5.1) P+ : a + m + 3u is even, 

(5.2) P„ : a + m + 3u is odd. 

Then, we have 'J°i{G2)+ ^ T^°(G2)- by T^n\u) ^ T^\u + i) and 

(5.3) T,°(G2) ~T,°(G2)+ ®zT,°(G2)-. 

For a triplet (a, m, u) € Ii , we reset the parity conditions P^ and P'_ by 

(5.4) P'^ : a + m + 3u is odd, 

(5.5) P'_ : a + m + 3u is even. 
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£-1 < 



e-1 < 




Figure 7. The quiver Qe{G2) for even £ (upper) and for odd £ 
(fower), where we identify the right columns in the three quivers. 

We have 

(5.6) (a, m, u) : P'^ (a, m, u ± J-) : P+. 

Also, we have y?(G2)+ ~ TAG2)- by Yi^\u) ^ Yi^\u + i), 1 + Yi^\u} ^ 
l + rir\w+i), and 

(5.7) y,°(G2) ~ Te{G2)+ X ^^(Gs)-. 

5.2. Quiver Qt{G2)- With type G2 and > 2 we associate the quiver Qi{G2) by 
Figure [71 where the right columns in the three quivers are identified. Also we assign 
the empty or filled circle o/» to each vertex; furthermore, we assign the sign +/— 
to each vertex of property •, and one of the numbers I,. . . , VI to each vertex of 
property o. 

Let us choose the index set I of the vertices of Qi{G2) so that i = (*,«') G I 
represents the vertex at the i'th row (from the bottom) of the left column in the 
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ith quiver (from the left) for i ~ 1,2,3, and the one of the right column in any 
quiver for i = 4. Thus, i — 1 , . . . , 4, and i' — 1, ... ,£—1 Hi ^ 4 and i' — 1, . . . ,3£—l 
if i = 4. 

For a permutation s of {1,2,3}, let Us be the permutation of I such that 
Us{i,i') — {s{i),i') for i ^ 4 and (4, i') for i ~ 4. Let lj be the involution act- 
ing on I by the up-down reflection. Let Vs{Qe{G2)) and uj{Qe(G2)) denote the 
quivers induced from Qi{G2) by Us and a;, respectively. 

Lemma 5.1. Let Q = Qi{G2). 

(i) We have a periodic sequence of mutations of quivers 



(5 



• o 



M +Mii i 

• O 



Q. 



«^(23)(Q)°P ^ 1^(312) (Q) 
. . 1^(231) (Q) <^ 1^(12) 

(ii) uj{Q) = QifK^+£is even, and lj{Q) = 1^(13) (Q)°p if + £ is odd. 
See Figures [5HTU1 for an example. 



5.3. Cluster algebra and alternative labels. Let -B^ (G2) be the corresponding 
skew-symmetric matrix to the quiver Qe{G2). In the rest of the section, we set the 
matrix B — = Be(G2) unless otherwise mentioned. 

Let A{B,x,y) be the cluster algebra with coefRcients in the universal semifield 
Qsf(y), and Q{B,y) be the coefficient group associated with A{B,x,y). 

In view of Lemma 15.11 we set a;(0) = x, y{0) — y and define clusters x{u) — 
{u S and coefficient tuples y{u) — {u e ^Z) by the se- 

quence of mutations 



(5.9) 



fJ-iv 



(B,x(0),2/(0)) 
(i.(3i2)(i?),a;(|),y(|)) 

(i.(23i)(i?),x(|),y(|)) (-I.(i2)(S),x(|),y(f)) 

where Us{B) = B' is defined by ^^^(i^^^y^ = Sy. 

For a pair (i, w) £ I x ^Z, we set the parity condition p+ and p_ by 



(-I.(23)(S),x(i),2/(i)) 

(-1.(13) (i?),a;(l),y(l)) 



(5.10) 



P+ 



'i G Ii UI-^ 


u = 









'iei^iur 


u = 





i e III u 


u = 


1 
3 






i e 15' u i; 


u = 


1 

3 


, ieli°„ui; 


u = 


2 
3 


P 


: < 


i e l^-i u 


u = 


2 

3 


i e liV u 


7i = 


1 






iei°„ui; 


u = 


1 


i e u i; 


U = 


4 
3 






i e IjV u 


u = 


4 
3 




U = 


5 

3 ' 








u = 


5 
3 



where = is modulo 2Z. We have 
(5.11) (i,w):p+ 



Each (i, u) : p-|- is a mutation point of (j5.9l) in the forward direction of u, and each 
(i, u) : p_ is so in the backward direction of u. 
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Ml X 



Figure 8. (Continues to Figures [9l and ITOl) Label of cluster vari- 
ables Xi{u) by for 6*2, ^ = 4. The right columns in the middle 
and right quivers (marked by o) are identified with the right col- 
umn in the left quiver. 
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Figure 9. (Continues from Figure [8]) 
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Figure 10. (Continues from Figure |9]) 
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Lemma 5.2. Below = means the equivalence modulo 2Z. 
(i) The map 



9 ■■ 



(5.12) 



is a bijection. 
(a) The map 



{a, m,u — J-) 



{(i,M) : p+} 
'((l,m),u) 
{{2,m),u) 
((3,to),m) 
l((4,m),u) 



1; m + 7i ; 
1; m + u : 



a = 1: ni + u — | 



T' 



(5.13) 



is a bijection. 



(a, m, w) 



{(i,u) : p+} 
((1, m), u) 
((2,m),u) 
((3,m),u) 
((4, m),u) 



a = 1 ; m + u 

a = 1; m 

a = 1; m 
a = 2 



We introduce alternative labels Xi{u) = Xm\u — 1/ia) ((a, m, u — 1/ta) G 
for (i,M) = g{{a,m,u- 1/ta)) and yi(M) = ym\u) {{a,m,u) G I^+) for (i, m) = 
g'{{a,m,u)), respectively. See Figures l8] fTOl for an example. 



5.4. T-system and cluster algebra. 

Lemma 5.3. The family {xm\u) \ {a,m,,u) £ Ti+} satisfies the system of relations 
p. 161) with G{b,k,v]a,m,u) for Ti{G2)- In particular, the family {[x'^m {u)]-^ \ 
{a,m,u) e Ti+} satisfies the T-system Ti{G2) in A{B^x) by replacing Tm\u) with 
[a;m^(w)]i. 

Definition 5.4. The T-subalgebra At{B,x) of A{B,x) associated with the se- 
quence (|5.9p is the subring of A{B,x) generated by [a;i(M)]i ((i, u) £ I x ^Z). 

Theorem 5.5. The ring (6*2)+ is isomorphic to At{B, x) by the correspondence 
T^\u)^[xl^'>{u)]^. 

5.5. Y-system and cluster algebra. 

Lemma 5.6. The family {ym\u) \ {a,m,u) G I^^} satisfies the Y-system Yi{G2) 
by replacing Ym"^ (u) with ym^ (u) . 

Definition 5.7. The Y-subgroup QyiB^y) ofQ{B,y) associated with the sequence 
(|5.9p is the subgroup of GiB, y) generated by yi{u) ((i, w) G I x ^Z) and 1 + yi{u) 
((i,u) : p+ or p_). 

Theorem 5.8. The group ^£(6*2)+ is isomorphic to Qy{B, y) by the correspondence 
Yi^\u) ^ yln\u) and 1 + Yi^\u) ^ 1 + yli;;\u). 
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5.6. Tropical Y-system at level 2. By direct computations, the following prop- 
erties are verified. 

Proposition 5.9. For [^y(i?, J/)]t with B ~ 52(^2), the following facts hold. 

(i) Let u he in the region < m < 2. For any (i,M) ; p+, the monomial [yi(u)]T 
is positive. 

(ii) Let u be in the region —h^ < u < 0. 

(a) Let i = (1, 1), (2, 1), (3, 1), or (4,3). For any (i,u) : p^, the monomial 
[yi{u)]r£ is negative. 

(h) Let i = (4, 1), (4, 2), (4, 4), or (4,5) For any (!,«) : p+, the monomial 

[yi(u)]T is negative for u — — |, —2, — |, — —4 and positive for u — 
_i _4 _5 _8 _o _io 
' 3 ' 3 ' 3 ' ' 3 ■ 

(Hi) y^i'{2) = yr.} if i ^ 4: and y^l_^, if i = 4:. 
(tv)y,,{-h^)^yii^- 

Also we have a description of the core part of [yi(u)]T in the region < u < 
in terms of the root system of D^. We use the following index of the Dynkin diagram 

Q 3 



O 
1 



-O- 

4 



-O 
2 



Let n = {cti, . . . ,q;4}, — n, be the set of the simple roots, the negative simple 
roots, the positive roots, respectively, of type I?4. Let ai be the piecewise-linear 
analogue of the simple reflection Si, acting on the set of the almost positive roots 
$>_i = U (— n). We define a as the composition 

(5.14) (J = (T3CT4CTiCr4(T20'4. 

Lemma 5.10. We have the orbits by a 



(5.15) 



ai 



a4 



Oil 



012 
012 

2a4 ^ - 
-> ai 
+ 04—^ 



-0L2, 



0:2 + 0^3 + Q!4 H 

-> ai+ a2+ aj, 

Q^3 + Q^4 ^ Oii 

-> 0^3 + 0^4 

In particular, these elements in exhaust the set thereby providing the orbit 
decomposition 0/ by a. 

For -/i^ < M < 0, define 



-0:4. 



(5.16) 





("-i)/2(-ai) 


i 


= 1; 


M = 


-1, 


-3, 




(3u-l)/6(_^2) 


i 


= 2; 


U = 


5 

3 ' 


11 

3 




(3u-5)/6(_Q,g) 


i 


= 3; 


U = 


1 

3 ' 


7 

3' 




(3"+2)/6(a3 + a4) 


i 


= 4; 


U = 


2 

3 ' 


8 

3' 


a~ 


(3«+4)/6(|q,^^ 


i 


= 4; 


U = 


4 
3 ' 


10 
3 




"/'(-a4) 


i 


= 4; 


U — 


-2, 


-4. 



By Lemma ETO] they are (all the) positive roots of D^. 
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For a monomial miny ~ (?/i)iGi, let 7r£)(m) denote the specialization with y^i — 
yi2 = 2/44 = 2/45 = 1- For simplicity, we set y^i = ?/i (« 7^ 4), 1/43 = 2/4, and also, 
Vii{u) = (i ^ 4), y43(w) = 2/4(w)- We define the vectors t^{u) = (ij(w)fc)t.=i 

by 

4 

(5.17) T,,([y,;(«)]T)=nyI"^"^'"- 

fe=l 

We also identify each vector ti{u) with a — X]fc=i tii^)kCtk G ^H. 
Proposition 5.11. Lei — /i^ < u < 0. Then, we have 

(5.18) t,(u) = -a,(u), 
/or (i, m) in (|5.16p . 

5.7. Tropical Y-systems of higher levels. 

Proposition 5.12. Let £ > 2 be an integer. For [QY{B,y)]T with B = Bi{G2), 
the following facts hold. 

(i) Let u be in the region < u < £. For any (i,u) : p+, the monomial [yi(M)]T 
is positive. 

(ii) Let u be in the region ~h^ < u < 0. 

(a) Let i G 1° or (4,i') [i' S 3N). For any (i,u) : p+, the monomial [?/i(u)]T is 
negative. 

(b) Let 1 = (4, i') ii' ^ 3N). For any (i, u) : p-|_, the monomial [yi(u)]T is nega- 
tive for u = — -i,— |,— 2, — |,— —4 and positive for w = — 1,— |,— |,— |, 

_ o _ 10 
o, 3 . 

(Hi) y,i,{£) = yrj_^, if i ^ A and yllf_,, if i = A. 
Hyu'{-h^)=yu'- 

We obtain corollaries of Propositions 15.91 and 15.121 

Theorem 5.13. For [QY{B,y)]T, the following relations hold. 

(i) Half periodicity: [yi{u + h'^ +^)]t = [2/a;(i) (u)]t. 

(ii) Full periodicity: [yi{u + 2(/i^ + £))]t = [yi{u)]T- 

Theorem 5.14. For [QY{B,y)]T, let and denote the total numbers of the 
positive and negative monomials, respectively, among [yi(u)]T: for {i,u) : p+ in the 
region < u < 2{h'^ + £). Then, we have 

(5.19) N+ = 6e{2£+l), iV_ = 12(3^- 2). 

5.8. Periodicities and dilogarithm identities. Applying |IIKKN| Theorem 5.1] 
to Theorem 15. 131 we obtain the periodicities: 

Theorem 5.15. For A{B,x,y), the following relations hold. 

(i) Half periodicity: x\{u + h'^ + £) = Xi^(y^{u). 

(ii) Full periodicity: Xi{u + 2(/i^ + £)) = Xi{u). 

Theorem 5.16. For Q{B,y), the following relations hold. 

(i) Half periodicity: yi{u + h'^ + £) = y^(i){u). 

(ii) Full periodicity: yi{u + 2(/i^ + ^)) ^ Uiiu). 

Then, Theorems 12.51 and 12.61 for G2 follow from Theorems 15.51 15.81 15.151 and 
15.161 Furthermore, Theorem 12.101 for G2 is obtained from the above periodicities 
and Theorem 15. 141 as in the Br case [IIKKNl Section 6]. 
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6. Mutation equivalence of quivers 

Recall that two quivers Q and Q' are said to be mutation equivalent, and denoted 
by Q ~ Q' here, if there is a quiver isomorphism from Q to some quiver obtained 
from Q' by successive mutations. 

Below we present several mutation equivalent pairs of the quivers Qi{Xr), though 
the list is not complete at all. For simply laced Xr, Qe{Xr) is the quiver defined as 
the square product XrOA^^i in [Kc, Section 8]. 

Proposition 6.1. We have the following mutation equivalences of quivers. 

(52 (-Br) Q2iD2r+l), 

(6.1) Q2{Fi) ^ Q3{D5), 

Qz{C2) - QMs), 
QpXG2) - QHCa). 
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